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Postbuckling of Shear Deformable Composite Flat Panels
Taking Into Account Geometrical Imperfections
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Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061
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NASA Langley Research Center, Hampton, Virginia 23665

The postbuckling behavior of composite flat panels subjected to uniaxial/biaxial compressive loads is inves-
tigated. To this end a refined geometrically nonlinear theory of composite plates is developed. The effects played
by transverse shear deformation, initial geometric imperfections, the character of the in-plane boundary con-
ditions and lamination are studied and a series of pertinent conclusions are outlined. Throughout the paper,
the results obtained within the transverse shear deformable plate model are compared with their classical
counterparts and conclusions related to their range of applicability are presented.

Introduction

AMINATED composite structures are being increas-

ingly used in the aeronautical and aerospace construc-
tions. Employment in their design of new material systems
that exhibit exotic properties such as high anisotropy ratios
requires a better understanding of their behavior. In order to
be able to exploit the efficiency of composite structures, their
postbuckling behavior needs to be considered. Such analyses
have been done, mainly for structures modeled within the
classical Kirchhoff hypothesis. The postbuckling strength ex-
hibited by the metallic panels has permitted design of the
conventional aircraft structural elements as to operate within
the postbuckling range.

Moreover, it has been known for many years that small
initial imperfections in some structures can produce large re-
ductions in their static buckling strength. Research on the
behavior of flat (and curved) panels' indicates that small initial
deviations from perfect geometry could have a significant in-
fluence on both the buckling and postbuckling behavior. The
great prospects emerging from the use of composite material
structures in the design of the actual and future generations
of aeronautical/aerospace vehicles, of deep submerged ves-
sels, of naval constructions, etc., stimulate an obvious interest
for the analysis of the postbuckling behavior of composite
structures exhibiting small geometrical deviations from their
initial flat configuration.

Moreover, as is well known,? the composite structures in
contrast to their metallic counterparts exhibit high flexibilities
in transverse shear. Since the research on postbuckling be-
havior of shear deformable composite imperfect structures
appears to be somewhat scarce (see the survey papers®~¢ and
the monographs,”’~?) the present paper will be devoted to this
topic. In contrast to the paper'® where the principal goals were
to determine through numerical and experimental simulations
the postbuckling response and failure initiation of shear de-
formable composite panels, here, the main goal is to assess
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the role played by transverse shear flexibility and the initial
geometric imperfections on their postbuckling behavior.

General Considerations

The case of a flat plate of uniform thickness 4, symmetri-
cally laminated of 2m + 1(m= 1,2 . . ) elastic transversely
isotropic layers (see Fig. 1), is considered. It is assumed that
the planes of isotropy of each layer material are parallel at
each point to the reference plane of the composite panel
(selected to coincide with the midplane of the midlayer). Be-
cause of its special thermomechanical properties'-*? (the
transversely isotropic material is specifically suited for the
thermal protection of aerospace vehicles and is useful in the
design of missile and re-entry vehicle structures) and its high
flexibility in transverse shear (manifested by large ratios of
EIG' where E and G’ denote the in-plane Young's modulus
and transverse shear modulus, respectively), the considera-
tion of this case in our analysis is both of theoretical and
practical importance.

It is also assumed that the layers are in perfect bond, im-
plying that no slip between two contiguous layers may occur.

The points of the three-dimensional (3-D) space of the plate
will be referred to a set of rectangular Cartesian normal sys-
tem of coordinates x;, where x, (¢ = 1, 2) denote the in-
plane coordinates, while x; denotes the normal one to the
plane x; = 0 (defining the reference plane). For this case,
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Fig. 1 Geometry of the cross section of the laminate.
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the following relations for the components of the metric tensor
hold valid:

8ap = Gap = Oup, 8as = 0, 8 =1 (D)
where g;, 4.5, and 8,, denote the components of the spatial
and surface metric tensors, and of Kronecker delta, respec-
tively. Partial differentiation (coinciding in this system of co-
ordinates with the covariant one) will be denoted by a comma
(),; =9( )/ox;. Throughout the paper, Einsteinian summation
convention will be used with Latin indices ranging from 1-3
and Greek indices ranging from 1-2. An index in the brackets
() associated with a field quantity identifies its affiliation
to the layer of the laminate indicated by that index.

Displacement Representation and Strain Measures

The results obtained in Refs. 13-16 reveal that the first-
order transverse shear deformation theory (FSDT) could play
an essential role in the accurate prediction of static and dy-
namic responses of composite flat panels, in general, and of
their postbuckling, in particular. In addition to its relative
simplicity, the predictions based on this theory could result
in an excellent agreement with the ones derived via higher-
order theories or via experimental methods®¢. For this reason
in the forthcoming development, the geometrically nonlinear
theory of imperfect flat composite panels will be modeled
within the framework of FSDT. In this light, the 3-D dis-
placement field will be represented as

VolXu, X3) = Ug + xath, (22)

Vi(x,, X3) = us (2b)

where U, = u,(x,), us = us(x,,), and ¥, = ¥(x,) denote the
in-plane, transversal, and the angles of rotation of the normals
to the midplane, respectively. It is assumed also the existence
of an initial, out-of-plane stress-free geometrical imperfection
iy = i5(x,,). By convention, the transverse deflection u,(x,)
is measured from the imperfect surface.

Within the framework of the Lagrangian formulation and
in light of the von Karman concept, the strain tensor e, as-
sumes the form

2e, =V, +V,, + V3,V,, 3)
Consideration of Eq. (2) into Eq. (3) and incorporation of

the stress-free geometric imperfection i, results in the fol-
lowing expressions for the 3-D strain components:

Cup = Eap F XsKop (4a)
eoz3 = &u3 (4b)
e;; =0 (4¢)

In Egs. (4) the two-dimensional (2-D) strain measures assume
the form:

e, = Upp + Ugy + Usy Usg + Ty lhspg + Us s g (52)

2Uep = Yup + Vpa (5b)
260 = Y, + Uz o (SC)

Equations of Equilibrium

The 2-D equations of equilibrium of flat composite panels
are obtained by taking the nth moments (n = 0, 1) of the
equations of equilibrium of the 3-D geometrically nonlinear
elasticity theory in Lagrangian descriptionZ:

[s;(8, + Vu)]z =0 (6)

where s, denotes the second Piola-Kirchhoff stress tensor.
Moreover, incorporation in Eq. (6) of the effect of geometric
imperfection and its simplification in accordance with the von
Karman concept yields the following equations of 2-D equi-
librium of the composite plate element:

Las,a =0 (7a)
Log(us s + ljl3,B),a + Qoo + p3s =10 (7b)
Mygg—0.=0 (7¢)

Here L.z, M,,, and Q, defined as

m+1

(0}
(Log, Mop) =2 2, f Sap(1, X3) dxs (8a)
k=1 Jhg-1

m+ 1 fhgy

Q =2 kE e Sa3 dxs (8b)

denote the stressresultant, stress couple, and transverse-shear
stress resultants, respectively. Equations (7) represent the
generalized counterpart of the equations of equilibrium ob-
tained for perfect plates in Ref. 2.

Constitutive Equations

The 3-D constitutive equations associated with an elastic
transversely isotropic body (the planes of isotropy being par-
allel to the plane x; = 0) are given by?

Sag = Eapur€or Ses = 2E 5,58,5 )
where
. E |1 v
Eopur = m[z(amaﬁg + do085,) + i Vawgaaﬁ} (10a)

E,.; = G'a,, (10b)

Here E and » denote Young's modulus and Poisson's ratio in
the plane of isotropy, respectively, while G' denotes the shear
modulus in the plane normal to the isotropy plane.

Equations (8), in conjunction with Egs. (9), (10), (4), and
(5), yield the 2-D constitutive equations:

1 o
Lopg = 3bapor(Uug + Upw + Usllsy + Us Uy

+ u3,mit3,§) (113)
Moy = Dapor Wz + W) (11b)
Qa = %(x3w3(¢w + u3,¢u) (11C)

In Egs. (11), H,p0s Dugass and R, 5 denote the stretching,
the transverse shear, and the bending rigidities of the trans-
versely isotropic composite structure, respectively. Their
expressions are

‘ﬂaﬁw{ = 2]:(m+l)Ean{h(m+l)

+ ; Eapor(hey — h<r+1>):| (12a)

+ 21 <r>Eanz(h<3r> - h<3r+1>)] (12b)
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Razws = 2K2|:(m+1)Eo<3w3h(m+l)
+ ; wEazus(heyy — h(r+1))] (12¢)

where K? denotes the transverse-shear correction factor. For
a single-layered plate,

> () — 0and A, — k12
r=1

Governing System

A mixed formulation of the governing equations of geo-
metrically nonlinear imperfect composite flat panels will be
given. It represents a generalization to the case of laminated
shear-deformable imperfect plates of von Karman’s classical
equations. To this end, the ensuing steps will be considered:

1) Expression of stress resultants L,, in terms of in-plane
strains ¢,,. Based on Eqgs. (10a), (11a), (12a), and (5a) this
relationship is

Los = beog + 8,480, (13)
wherefrom its inverted counterpart results as
E, = bL, + G8,5L,, (14)

In Egs. (13) and (14), the coefficients b, ¢, and their tilded
counterparts are given by

b =2 E(m+l>h(m+1> + i E(r)(h(r> _ h(r+1>) (153)
1+ vy =1 1+ vy,
E v h
c = 2 (m+ DY m+ D)+ 1)

[ 1 - V’(zm+1)

+ 21 E(r)y(r)gh(:) ;2 h(r+1)):| (].Sb)
r= “in

b = 1b, G+ 20 (15¢)

2) Representation of the stress resultants L,, in terms of
an Airy stress function F{=F(x,)], allowing one to satisfy
identically Egs. (7a). This results in

LaB = ca/\cBmF Aw (16)

where ¢, denotes the permutation symbol.
3) Deduction of the compatibility equation (CE). To this
end, elimination of u, in Eq. (Sa) yields the CE:
cm—rCB/\[eaﬁ,m\ + %uB,(xBMS,-n)\ + %&3,77)\”3,43
+ %u:”,‘n')\a:i,aﬁ] =0 (17
4) Substitution of Eqs. (11) [considered in conjunction with
Egs. (12), (14), and (16)] in Egs. (7b), (7c), and (17). This

yields the following system of partial differential equationsin
terms of the unknown functions F, u,, and ¢, :

Ca/\cB,u.F,/\u(u?’,ch + 123,0(3) +S('J’m,m + u3,ww) + p3 = 0 (183)
B(pw,wa + Cl[’a,ww - S(lpa + u3,a) = 0 (18b)
(b + OF jruw + s alhs gy — ?3,Ag“3,A;)

+ (fis btz g — Haagsng) = 0 (18¢)

In these equations () ., [=V*() = AC)] and (*) suwe [=V3VE()]
denote Laplace and biharmonic operators, respectively, while
the rigidity quantities B, C, and S are defined as

11—
B = § [E(m+l)(1 + Vi 1) o1y
+ 211 E(r)(]‘ + V(r))(h?r) - h?r-f-l))il (193)
1= 3
CE§ E(m+1)(1 - V<m+1>)h<m+1>
+ Zl Ey(1 — v)(hy — h<3r+1>)] (19b)

$ =2G(nsvhpnsry + 2 21 Giplheyy = hysny)  (19)

where E = E( - 9.

The final step yielding the system of Eqs. (18) to a form
that could be viewed as a generalization of von Kérmén clas-
sical equations consists of expressing ¢, in Eq. (18a) in terms
of a potential function ¢[= ¢(x,)], as

B+ C
e = T S Us o T gca#‘b,“ T Uz,
_B+C B+ C

Sz p3,a - T [ng(ui*:,m{ + ilS,w{)],a (20)

Substitution of Eq. (20) into Eqgs. (18a) and (18b) yields

DV, ~ ConCpuF ro(Usap T+ s 0p)
4 ES—-F__C—? CanCpoV [ Faullls.ap + U50p)] = Ds
"'B;CVZpa:O (21)
and
¢ - -gAqb =0 (22)

while replacement of ., in Eq. (17) by Eq. (14) considered
in conjunction with Eq. (16) results in the third governing
equation:

(5 + OVF + (U3 11U32 — (430,)* + Us 1183 22
+ Usplls . — 2l p5l55,) = 0 (23)

In Eq. (21),
2= SEo
D= 5 [E(m+l)h?M+l) + ; E(r)(h?ﬁ - h?r-i—l) :| (24)

denotes the bending rigidity.

Equations (21-23) represent the counterpart of classical
von Karmén large-deflection plate theory extended to trans-
versely isotropic composite imperfect flat panels. A special
form of these equations could be found in Refs. 13 and 17.
It may easily be seen that for G, — o (yielding § — ), Eqs.
(21-23) reduce to the familiar von Karman equations.

Linearization of Eqs. (21-23) yields the equations obtained
by Reissner'®!® (and reobtained in a more general framework
through an alternative procedure in Refs. 20 and 21; see also
Ref. 2). It should be remarked that Eq. (22) (of a Helmholtz-
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type, whose solution has the character of a boundary-layer
solution) is decoupled from the remaining two governing
equations[i.e., Egs. (21) and (23)]. However, the function ¢
intervenes in a coupled form in the boundary conditions.
Furthermore, for simply supported boundary conditions, it
could be shown (see Ref. 13) that the function ¢ could be
decoupled in the boundary conditions (BCs) to result as

dplan = 0 (25)

at a boundary whose outward normal to the contour is n
= ne,,. Since the governing equation for ¢ is homogeneous,
the solution of Eq. (22), in conjunction with the BC, Eq. (25),
is identically zero everywhere throughout the domain of the
plate.

In such a case, Eq. (22) could exactly be discarded and
consequently the system of governing equations reduces to
Egs. (21) and (23). This entails a reduction of the order of
governing equations from ten to eight and, as a result, the
number of BCs reduces from five to four. For the case of
perfect plates the BCs have been displayed in Ref. 13 while
for the linear theory in Ref. 22.

Postbuckling Behavior of Compressed Rectangular
Imperfect Panels

Boundary Conditions

In what follows, the static postbuckling behavior of simply
supported (SS) composite rectangular (/, x /,) flat panels will
be analyzed. The in-plane rectangular axes x, will be selected
to coincide with the panel edges. It is assumed that during
the postbuckling process no delamination may occur. Con-
sider that the panel is subjected to a system of uniform in-
plane biaxial compressive edge loads L, and L,. Within this
problem the terms associated with the transversal load p,
should be discarded. Depending upon the in-plane behavior
at the edges, two cases, referred to as cases 1and 2, will be
considered.

Case 1: The edges are SS and freely movable (in the in-
plane direction). In addition the panel is subjected to biaxial
compressive edge loads L, and L,. As a result, as it may easily
be shown, the resulting system of governing equations admits
the BCs:

Atx, =0,/:
B+ C .
U = 0, Du,,, + _S—Ln(us,u + 341) =0
L, =0, and L,=-L, (26)
Atx, =0, |
B+ C .
u; = 0, Dus,, + T Ltz + 135)= 0
L, =0, and L, =L,

Case 2: The edges are SS. Uniaxial compressive edge loads
are applied in the direction of the x; coordinate. The edges
x, = 0, |, are considered freely movable (in the in-plane
direction), the remaining two edges being unloaded and im-
movable. For this case the BCs become

Atx, =0, |;

B+ C .
u; = 0, Dus .y + —— Lyy(us 3 + i35,) = 0

L, =0, and L, =-I, (27)

Atx, =0,/
B+C .
Uy = 0, Du,,, + B Lp(ts 0 + it320) = 0
u, =0, and L, =0

In Egs. (26) and (27) the underlined terms are associated with
the out-of-plane BCs.

Postbuckling Solution
By simple inspection it may be seen that expressing

u3 fmn N 3
=17 SINA,, x; Sinw, x
{u3} {fmn} ! Hnz

A =mal, w, =nal, (28)

(where the shape of geometric imperfectionis similar to the
one of the buckling mode) the out-of-plane BCs are identically
fulfilled. The in-plane BCs will be satisfied on an average. To
this end, the potential function F is represented as

Fxi, %) = Fi(x, %) — {0)’Ly + (2La]  (29)

Here F,(x,, x,) is a particular solution of Eq. (23), [determined
in conjunction with Eq. (28)], while L, and L, denote the in-
plane normal edge loads (positive in compression). Upon im-
posing the conditions that concern the function F,,

7]

12
L F1,22|x1=0 dx, = o F1,22|x1=11 dx, = 0 (30a)

(73 L+
L F1,11|x2=0 dx, = L Fl,11|xz=lz dx; 0 (30b)

173 43
) Fl,lle1=0 dx, = fo Fl,lzlx1=ll dx, =0 (30c)

Il

It [}
J;) F1,12|xz=o dx, = fo Fl,lzlxzzlz dx, 0 (30d)

the parameters L, and L, acquire the meaning of average in-
plane normal edge loads

1 (7]
—L, = I_L F,22|x1=0,11 dx, (31a)
2

1 h
-L, = I_J;J F,11|x2=0,lz dx, (31b)
1

In the case of the plate loaded in the direction of the x,
coordinate only (that is of the case 2), the condition for the

immovable edges x, = 0, [, may be expressed, on an average,
352’23

hrh
J;L U, dx, dx, = 0 (32)
By virtue of Egs. (14), (5a), and (16), Eq. (32) results in

n iz .
['[16 + oF. + b - s

0

- us,zas,z] dx;dx, = 0 (33)

This equation [considered in conjunction with Egs. (28) and
(29)] provides the fictitious edge load L, for which the edges
x, = 0, , should remain immovable.
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For the present case, F,(x,, x,) is
Fi(x;,X) = A, cos2A,x, T A, cos2u,.x, (34)
where

4 = oo+ 2nfon) 15
! 32b + &) A%

_ o+ Vo) 22
3206 + 0 w2

A, (35)

while Z,, , indicates that in the equations accompanied by this
sign no summation with respect to indexes: and # isinvolved.
The final step consists of application of Galerkin’s method to
the Eq. (21). To this end, substitution of us, &5, and F ex-
pressed, respectively, by Egs. (28), (34), and (29) into Eq.
(21), followed by its multiplication by sinA,x, sinux, and
integration of the obtained equation over the panel area,
yields

L+

=

1Z2

N

T2 32D(m* t n2¢?)T? -
8mn
g X (36)

m.n

2852 + 5 +952
{¢+Aw2h (820 T 38,18, T252,) }

Equation (36), obtained for case 1, constitutes an explicit
relationship between the average applied compressive loads
and the maximum lateral deflection subsequent to the onset
of buckling. Moreover, consideration in Eq. (36) of 8., = 0,
followed by its linearization, yields the (nondimensional)
buckling load in biaxial compression of shear deformable com-
posite plates. In the case of immovable edges, x, = 0, /,,
employment of Egs. (28) and (34) in Eq. (33) yields

1 [ =  1n2¢m
Lo= - b+c{CLl+§—T)_ ”
1 n2¢2h2 R
+ amnsm,,}, b (37)

Without imperfection
With imperfection (34=0.2)

4 Case(l) —Movable edges

0] 0.5 10 15 20 2.5 3.0

3+3

Fig. 2 Postbuckling in uniaxial compression of a square composite
plate (case 1) with movable edges. Comparison between the classical
and refined theories as well as between the initially perfect and im-
perfect flat geometries.

Substitution of Eq. (37) into Eq. (36) results in the equation
governing the postbuckling for immovable edge conditions.
In Egs. (36) and (37), the newly introduced notations are

212 42
n112¢+B+C

= 4 44 25,2 42
n=- g ('t + ningt)  (38a)
mzl% R L
R=T5 T (mt + mini?) (380)
B + C#w?
=t ot F =T
73 m n d) S l%
X(n6¢6 + n4m2¢4 + n2m4¢2 + m6) (38C)
{8uns St = {fns FrundlP (38d)
{Ly, L} = {(L,, L,)3/=D} (38¢)
A =2b(b + 2c)/D(b + ¢) (38f)
w2 B+ C
2 = g2 2 - 4 202 ch2
r w[m%—l%vs (m+mn¢)]
(m* + n2¢?y? (38g)

where ¢ = L/L,.

The Eq. (36) and its immovable counterpart [obtained in
conjunction with Eq. (37)] determine in closed form the be-
havior of composite laminated plates subsequent to the on-
set of buckling. The Kirchhoffean counterpart of the above-
mentioned equations may be obtained by letting Gy, —+ in
the expression of the rigidity S. From both Eq. (36) and its
associated immovable counterpart, it may be remarked that
when & = 0 the postbuckling behavior could be expressed
generically as

LAL), =1+ 182 (39)

where L/(L,),, is the ratio of the applied load (nondimen-
sional) to the buckling load of the associated perfect panel
while A is a coefficient, (referred to as Koiter’s postbuckling
parameter). This coefficient incorporates the effects of trans-
verse shear deformation, geometry of the panel, type of load-

18
Without imperfection
16} | — — With imperfection (3,=0.2)
h/f =0.l
iak Case{]) — Immovable edges

0 05 10 15 20 25 30
8+ 38,

Fig. 3 Postbuckling in uniaxial compression of a square composite
plate (case 1) with immovable edges. Comparison between the classical
and refined theories as well as between the initially perfect and im-
perfect flat geometries.
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Without imperfection
With imperfection {34=0.2)

|4 Case(2) — Movable edges

L

0] 0.5 10 1.5 2.0 2.5 3.0

Fig. 4 Postbuckling in uniaxial compression of a square composite
plate (case 2) with movable edges. Comparison between the classical
and refined theories as well as between the initially perfect and im-
perfect flat geometries.

8

Without imperfection

16| | — — With imperfection (8¢=0.2}
h/¢ =0.1

14 Case(2) — immovable edges

12

Go G\ Gg
E E
“2(==2] =10 40a
E<2> ( E<2>> ( )

Case 2:
E<2> =30 Eﬂ_) <E E@) =10
G ) G
L (s %> =10 (40b)
E(Z) (2).

For both cases,

Vg = Voy = Vay = 0.25

At ispoint it should be emphasized that due to tne character
of FSDT plate theory, wherein s,; is not involved, the addi-
tional coefficients v' and E’ (i.e., Poisson’sratio and Young’s
modulus in transverse direction) do not intervene’.

25
Without imperfection
— ~— With imperfection (84=0.1)
h/7f =0.02 E/G'=50
201

Immovable

O / 1 1 il 1 J

O 05 1 5 20 25 30
3+8,

Fig. 6 Postbuckling behavior of a single-layered square plate with
movable and immovableedges. Comparison between the classical and
refined theories as well as between the initially perfect and imperfect
flat geometries.

25
Without imperfection
~— — With imperfection (85=0.1)
h/) =0.1 E/G'=50
20
Immovable
15
~
L
io
5
0

3+3,

Fig. 7 Postbuckling behavior of a single-layered square plate with
movable and immovableedges. Comparison between the classical and
refined theories as well as between the initially perfect and imperfect
flat geometries.
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25
Without imperfection
— —— With imperfection (84=0.5)
h/{ =0.1 E/G'=50
20F

Immovable

O
=

o 0.5 10 15 20 25 3.0

3+3,

Fig. 8 Postbuckling behavior of a single-layered square plate with
movable and immovable edges. Comparisonbetween the classical and
refined theories as well as between the initially perfect and imperfect
flat geometries.

Without imperfection
With imperfection (8¢=0.5)

0] 0.5 1.0 15 20 2.5 3.0

3+3,

Fig. 9 Postbuckling behavior of a single-layered square plate with
movable edges under biaxial compression. Influence of the thickness
ratio, initial imperfection, as well as of transverse-shear flexibility
effects.

In addition, it is assumed that the midlayer of the three-
layered plate is two times thicker than the external ones
[implying that h,/h(= hs/h) = 0.5 and hy/h = 0.25; see
Fig. 1].

Figures 2-5 and Figs. 6-11 display the postbuckling be-
havior of three-layered composite and single-layered geo-
metrically perfect and imperfect square (!, = I, = [) plates,
respectively. Within their framework, the dependence of the
nondimensional compressive load parameter L, vs the total
nondimensional deflection

6+ 8 (= fulh +J°c11/h)

of the central point of the plate was depicted. Curves for
several different values of the ratios EIG', A/l, the initial im-
perfection &, transverse-shear correction factor K2, as well
as for the cases of freely movable and immovable edges x,
= 0, 1,, are presented.

Without imperfection

— — With imperfection (8¢=0.5)
h/7f=0.l

0 05 10 15 20 25 3.0
3+8,

Fig. 10 Postbuckling behavior of a single-layered square plate with
movable edges under biaxial compression. Influence of the initial im-
perfection as well as of transverse-shear flexibility effects.

10

Without imperfection
- —~— With imperfection (85=0.1)

h/£=0.

8+3,

Fig. 11 Postbuckling behavior of a single-layered square plate with
movable edges under biaxial compression. Influence of the initial im-
perfection as well as of transverse-shear flexibility effects.

Throughout the numerical illustrations, unless otherwise
stated, a shear correction factor K2 = 2 was used. In Figs.
2-11, the points on the axis of coordinates (occurring for the
perfect panels) correspond to their associated buckling bifur-
cation loads.

Conclusions

A shear-deformable theory of geometrically nonlinear com-
posite plates symmetrically laminated of transversely isotropic
material layers incorporating the effect of initial geometric
imperfection was developed. The associated governing equa-
tions have been recast in a form representing a generalization
of both Reissner's linear plate theory'®** and of some of the
previous author's results?2%2! as well as of classical von Kar-
man large-deflectiontheory of geometrically perfect flat panels.
The obtained equations are used to analyze the postbuckling
of simply supported shear-deformable plates.



LIBRESCU AND STEIN: SHEAR DEFORMABLE COMPOSITEPANELS 1359

The numerical results displayed in Figs. 2—11 allow one to
conclude the following:

1) The geometrically perfect flat panels (both composite
and single-layered) are capable of carrying increased com-
pressive loads well beyond the instant at which buckling oc-
curs. However, as the plate becomes weaker in transverse
shear, i.e., when EIG* increases (see Figs. 10and 11), severe
reductions of its load-carrying capacity as compared to its
rigid-in-transverse shear counterpart (corresponding to EIG’
— 0) are manifested. In the case of a three-layered composite
plate (see Figs. 2-5), the increase of transverse shear flexi-
bility (TSF) of the face layers (case 1) yields a stronger re-
duction of their postbuckling carrying capacity as compared
to the case when the increase of TSF is manifested in the core
layer (case 2), only.

2) The bending of initially geometric imperfect panels starts
at once as the compressive load is applied (see Figs. 2-11).
The deflections start to increase slowly, and then, in the vi-
cinity of the buckling bifurcation of their perfect plate coun-
terparts, a marked increase in the bending is experienced. As
it may be remarked from the same figures, with the increase
of the initial geometric imperfection, in the region of small
deflections a significant reduction of load-carrying capacity of
the panel is experienced. However, as the deflectionsincrease
in magnitude, the curves of the initially imperfect plate ap-
proach the ones of their perfect counterparts. This reverts to
the conclusion that the load-carrying capacity of flat panels
is insensitive to imperfections in the extended postbuckling
range. These conclusions are valid for both classicaland shear-
deformable composite and single-layered flat panels. More-
over, in the case of thin plates or when the plate becomes
less transverse shear deformable, the results reveal that the
difference in the postbuckling behavior of shear-deformable
and infinitely rigid-in-transverse-shear plates declines, and
sometimes (see Fig. 6) it becomes almost immaterial. In the
latter case the classical plate theory could be successfully em-
ployed in the postbuckling analysis. For this instance, the
present results fully agree with the ones in Ref. 24 developed
for the classical plate theory.

3) The classical Kirchhoff‘s plate model provides results
inadvertently overestimating the true ones, which, for non-
thin plates and when the plate material exhibits high trans-
verse shear flexibility properties, are independent of the ratios
EIG* characterizing the actual plate.

4) As seen from Figs. 2—8, the in-plane boundary conditions
have a significant effect both in the case of shear-deformable
and of transversely rigid plates (for this latter case see Refs.
2 and 24). Even though the buckling bifurcation is slightly
reduced, the constraint introduced by the immovable edge
conditions has a significant beneficial influence on the post-
buckling behavior of both perfect and imperfect plates.

5) Figures 2-5 for laminated composite panels reveal that
consideration of K2 = % as opposed to K2 = £ yields the most
conservative results from the postbuckling point of view, for
both perfect and imperfect panels. However, for single-layered
perfect plates the results obtained in Ref. 13reveal that shear
correction factor K2 = 2 provides results in excellent agree-
ment with the ones predicted within the higher-order plate
theory.

6) With the increase of the thickness ratio hll, the post-
buckling based on shear-deformable plate theory (see Fig. 9)
shows a deterioration of the load-carrying capacity as com-
pared to its classical counterpart. Moreover, when using the
load parameter L, [see Eq. (38¢)], the postbuckling predic-
tions based on the classical theory appear independent on
hll, as opposed to the case when the predictions are based on
the shear-deformable theory.

Finally, it should be remembered that the present geo-
metrically nonlinear plate theory is based on von Kéarman’s
partially nonlinear strain-displacement relationship, Eq. (3),
implying the small finite-deflection approximation®. Im-
proved predictions, especially in the deep postbuckling range,

could be obtained by relaxing this approximation. Such im-
proved approximations have been considered recently in a
number of papers (e.g., Refs. 26—29). In any case, although
the displayed results reveal that the panel is capable to carry
compressive loads several times larger than the associated
buckling ones, the ultimate loads should be determined by
using a failure analysis (see e.g., Refs. 10 and 30).
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